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AN APPLICATION OF TRANSVERSALITY TO THE TOPOLOGY 
OF THE MODULI SPACE OF STABLE BUNDLES 
GEORGIOS D. DASKALOPOULOS and KAREN K. UHLENBECK 
1. INTRODUCTION 
THE topology of the moduli space of stable bundles has been studied extensively by 
Harder-Narasimhan, Atiyah-Bott and Kirwan among others. In certain cases explicit 
formulas have been obtained for the cohomology of the space of stable bundles (cf. [7,3,9]). 
More precisely, let M be a Riemann surface of genus g 2 2 and let E be a holomorphic 
vector bundle of rank n and first Chern class k. We recall that E is called stable if, for any 
holomorphic subbundle F of E, the following inequality holds: 
CI(F) G(E) p(F) = - < - = 
rk(F) r-k(E) 
P(E). 
If < in the above inequality is replaced by < , then the bundle is called semistable. It has 
been shown in [16] that on the space of equivalence classes of semistable bundles one can 
define the structure of a normal, projective variety _# = d(n, k). In the case when n and 
k are coprime, the variety .# is smooth and can be naturally identified with the space of 
isomorphism classes of stable bundles. 
Harder and Narasimhan and later Atiyah and Bott computed the Betti numbers of J? in 
the case when n, k are coprime (cf. [7,3]). Moreover, under the same assumption on n, k, 
Atiyah and Bott showed that .# has no torsion in its cohomology. This established the 
question of computing the cohomology groups of the space of stable bundles in the coprime 
case. 
In the noncoprime case the situation is more complicated. It is known that, unless 
n = g = 2, the variety J? is singular (cf. [ll]). Moreover, if we restrict to the nonsingular 
part _& of 2, it is known that the cohomology of & has torsion (cf. [13]). The major 
breakthrough in obtaining topological invariants for J? was achieved by Kirwan, who 
described a method of computing the intersection Betti numbers of 2. In the case n = 2, 
Kirwan wrote explicitly the intersection Poincare series for J? and deduced from general 
results about intersection homology that, up to dimension 2g - 4, theintersection Poincare 
series of .JZ coincides with the ordinary Poincari series of 4. 
In this paper we are going to study the topology of the moduli space of stable bundles, 
but from the point of view of homotopy rather than cohomology. In [S, Section 61 we 
computed the homotopy groups of .&(2,0) up to dimension 2g - 4 by the use of Morse 
theory. The idea is the following: Let 9I denote the space of holomorphic structures on 
E and let 2& denote its subspace of stable ones, By using the Yang-Mills functional as 
a Morse function we showed that the complement of 2l, in ‘?I is a locally finite union of 
locally closed submanifolds of codimension at least 2g - 2. However, there are certain 
combinatorial difficulties in extending our techniques for arbitrary n, k. In this paper we are 
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going to describe a method of computing certain low-dimensional homotopy and coho- 
mology groups of JY by direct infinite dimensional transversality arguments. The idea is 
very simple. Let % and 91z, be as before. Given integers m, c with 0 < m < n and c/m 2 k/n, 
we consider the space U = U(m, c) of subbundles of E of rank m and first Chern class c. 
Over U there is a vector b, whose fiber at 71 E U is isomorphic to the space of sections 
Hom(n, n’) @ T*M”, where T*M” denotes as usual the antiholomorphic otangent bundle 
of M. We assume that E has a Hermitian metric and n1 denotes the complementary 
subbundle with respect o the metric. 
Let S’ be the standard sphere with base point and let s : S’ -+ 9I, be a given based map. 
Let Y(s) be the set of based homotopic deformations of s to the constant based loop. By 
identifying as in [S] subbundles of E with orthogonal projections onto their image, we 
define a map 9 from the trivial fiber bundle Y(s) x S’x [0, 1) x U over U to d by the 
formula g(F, x, t, $ = 7~‘(F(x, t) (n))n. We show that 9 is a Fredholm map of index, 
according to Riemann-Roth, 2{(1 - g)m(n - m) + k - 2c) + i + 1. Hence, provided the 
above number is negative, we obtain, by the use of Smale’s version of Thorn transversality 
(cf. the appendix), that .Q(F, x, t, II) # 0 for all x, t, 7~ in SL x [0, l] x U and F in a nonempty 
Baire set of Y(s). Since the number of all possible c, m as before is countable and countable 
intersections of nonempty Baire sets are nonempty, we obtain that we can deform s to the 
constant loop via a homotopy in ‘?I$. This establishes the isomorphism ni(Qz,) z 0 for i as 
above. 
To establish the i’s such that the above isomorphism holds is very simple. For example, 
we show that, except in the case n = g = 2, n1(‘918) Y Q(QI,) ‘v 0. In the case n = 2 we have 
z#I,) z 0 for i 5 2g - 4. 
All the above is carried out in Section 2. In Section 3 we make use of the results in 
Section 2 and elementary properties of the topology of the complex gauge group g” to 
obtain some topological information about the moduli space of stable bundles 
_.M(n, k) = ‘+2&/g”. Everything in this section follows closely the spirit of Atiyah and Bott. We 
obtain that, for i as above, Zi(JY(n, k)) is isomorphic to Xi_l(g”) expect in the case i = 2, 
where one has to take into account a certain torsion class coming from the Atiyah-Bott 
fibration (cf. [3, (9.2)]). The case i = 2, as shown by Newstead and reinterpreted by Atiyah 
and Bott, is related to the nonexistence of a universal or Poincare bundle over .M. For the 
sake of completeness we give a simple proof of Newstead’s theorem in Section 3. 
Finally, as mentioned before, Kirwan obtained a formula for the ith Betti number of 
d(n, k) in the case n = 2, k = 0 and i < 2g - 4. Using our results of Section 2 it is not 
difficult to generalize Kirwan’s formula for arbitrary n and k. This is done at the end of 
Section 3. 
Before we end this introduction we would like to comment that our transversality 
method is very general and applies to any infinite dimensional moment map problem that 
fits into the Atiyah-Bott picture. For example, similar techniques have been applied to the 
case of parabolic bundles (cf. [6, 151) and to the case of stable pairs (cf. [4]). It is conceivable 
that our techniques can be applied to the case of Higgs bundles (cf. [8]) to obtain 
topological information about the moduli space of representations of nl (M) to the group 
SL(n, C). 
2. TRANSVERSALITY IN ‘9l 
Let M be a compact Riemann surface of genus g 2 2 and let E be a smooth vector 
bundle on M of rank n and first Chern class k. We are interested in the case where k is not 
coprime to n, and we assume, without loss of generality, that 0 5 k < n. We also fix 
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a smooth Hermitian metric on E and following [3,5] we consider the space ‘9l of Lf- 
Sobolev metric connections on E. Throughout the paper we will identify ‘9f with the space of 
L: holomorphic structures on E via the fixed Hermitian metric (cf. [3, Section 51 and [S, 
Section 2)). 
Let g be the group of L$ unitary gauge transformations and let gc be the complexifica- 
tion of g. It is well known that g and g” are smooth, Hilbert Lie groups. We refer to g and gc 
as the real and complex gauge groups, respectively. The group g” acts on 0 by pushforward. 
In other words, if g E gc and D” E ‘$.l, we define g(D”) = g o D” o g- ‘. The above action is 
smooth and restricts to a smooth action of g as well. For more details we refer to [S]. 
Let !U,, be the subset of 2l consisting of semistable holomorphic structures and let 9l, be 
the set of stable ones. It is easy to show that ‘Lz,, az,, are open submanifolds of ‘$I. Moreover, 
the group gc acts on 91z, with constant stabilizer C* and, thus, the quotient A(n, k) = ‘9.1,/gc 
is naturally a complex manifold. We refer to d(n, k) as the moduli space of stable bundles. 
Let P be the U(n)-frame bundle on M associated to E. For any integer 0 < m < n, we 
associate to E the bundle of Grassmann planes in E, denoted by G,(E). More explicitly, 
G,(E) = PxU(n)G( m, n , w ) h ere G(m, n) denotes the standard Grassmann manifold of 
m-dimensional planes in C”, being acted by the unitary group U(n) the standard way. Let 
p: G,(E) + M denote the natural projection induced by E. Over G,,,(E) there is a vector 
bundle g: W -+ G,,,(E), whose fiber at R E G,(E) is the vector space Hom(n, &). Here n1 
denotes the plane in E perpendicular to 71 with respect o the fixed metric on E. It is not hard 





Let Ls denote the functor from the category of fiber bundles and fiber bundle maps to 
the category of Banach manifolds and smooth maps, which associates to a given fiber 
bundle E its space of L$sections L:(E). According to [14, Theorem (14.16)], we have 
a fibration L:(g) : L:(W) + Li(G,,,(E)), with fiber at n E L:(G,,,(E)) equal to Li(Hom(x, xl)). 
Moreover, according to [ 14, Theorem (13.6)], the above fibration can be identified with the 
tangent bundle of Li(G,(E)). 
We define another vector bundle Y over G,,,(E), by setting V = W@ p*T*M”. Let 
fdenote the induced projection. Clearly Vcan be viewed as a subbundle of the trivial bundle 





T 7 G,(E) p M 
Again, by [14, Theorem (14.16)], we can apply the functor L$ to obtain the bundle L:(V) + 
L:(G,) as a subbundle of the trivial bundle L:(T) + Li(G,,,). The fiber of Li( V) at a point 
n of L:(G,,,) is naturally isomorphic to the vector space L$(Hom(x, zl) @J T*M”), which sits 
in Li(End E ~$3 T*M”) c L:(End E 8 T*M”). It follows that we may extend the bundle 
L:(V) -+ L:(G,,,) to a subbundle d + Li(G,,,) of the trivial bundle Li(G,,,) x L:(End 
E @ T*M”), with fiber ~9~ N Li(Hom(z, n’) @ T*M”). 
We are next going to restrict our bundle 8 to certain components of Li(G,(E)) 
determined by the Chern class of E. More specifically, consider the function 
cl : L;(G,(E)) + Z 
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defined by c1(7z) = first Chern class of the bundle 7~. Given a sequence 7~ ” -+z we can write, 
according to [S, 5.123, ni = Uiitiu; I, where Vi ELi(End E) and f,(E) = n(E). By the inclu- 
sion Lg c Co, the subbundles xi are topologically isomorphic to x and hence c1 (xi) = c1 (7~). 
Thus, the map cl is continuous. 
For each integer c 2 mk/n, we set U = U(c, m) c Lf(G,,,(E)) to be the set of L$-sub- 
bundles of E of rank m and Chern class c. According to the previous considerations, U is an 
open and closed submanifold of L:(G,(E)). Our bundle 8 restricts to a bundle d = 81”. 
We next turn to discuss certain function spaces that will be needed in the sequel. Let 
X be a compact manifold without boundary of dimension d and let Cq(X, ‘%) denote the set 
of P-maps between X and 2I. According to the results in [l, Section 1 l] Cq(X, 2I) is 
a Cq-Banach manifold such that the natural evaluatidn map is smooth. Fix x0, 0: as base 
points of X, 9l with 0;; stable and let %‘(X) be the subset of base point preserving maps from 
X to ‘8. It follows from an easy application of the implicit function theorem and the 
Whitney extension theorem [2, Appendix A] that Q?(X) is a Cq-submanifold of Cq(X, 2l) 
such that the evaluation map is of class Cq. Moreover, for any s E%?(X), 
T$(X) = (6s:X + Lf(T’*M” @ End E) ] 6s is of class Cq and &(x0) = 0). 
Along the same lines, we consider the space Cq(X x I, ‘3I) of Cq-maps between X x I and 
‘$I, where Z = [0, l] is the unit interval. The results in [1, Section 111 endow C4(X x I, 2I) 
with a structure of a C4-Banach manifold. Let Y(X) c Cq(X x I, 2l) denote the subset 
consisting of maps F: X x Z -+ ‘$I, such that F(x,, t) = 0;; for every t EZ. Again, a trivial 
application of the implicit function theorem and the Whitney extension theorem shows that 
9’(X) is a Cq-submanifold of Cq(X x I, 2l). Moreover, for any F E 9’(X), 
TFY(X)=~6F:XxZ-*L~(T*M”~EndE)~6FisofclassCqand6F(xo,t)=O,t~Z}. 
Let X, x0 and 0: be as above. We fix s E%?(X) such that the range of s lies in ‘3, and 
define the subset Y(s) of Y by 
5“(s) = {F ~9’p(X) 1 F(x, 0) = s(x), F(x, 1) = D;;}. 
LEMMA 2.1. 9’(s) is a Cq-submanifold ofsP(X) with tangent space, at F Ed, 
T&f’(s) = (6F:X x Z + Lf(T*M” 0 End E) I6F is of class Cq, &F(x,O) 
= bF(x, 1) = 6F(xo, t) = 0, t EZ, x EX}. 
Proof: Clearly, the natural restriction map 
L:Y(X)+V(X)xV(X), 
L(F) = (Flxxfoj, FlxxIll), is of class Cq. Fix FE L-‘(s, Dg) and consider the derivative of 
L at F, 
Clearly, for any 6F E T#(X) we have 6L@F) = (6F(xxfoj, 6Flxxflj). By the Whitney 
extension theorem, 6L is surjective and thus L-‘(s, DG) = 9’(s) is a Cq-submanifold of 
Y(X)* 
We assume 
q > max{2{(1 - g)m(n - m) + mk - nc} + d, 0). 
We set % = %‘(S’), where S’ denotes the standard sphere with base point x0. Also, given 
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a fixed base point preserving map s : S’ + ‘?2l, as above, we let Y = Y(s) as before. For 
notational simplicity we set X = S’ x I. We define a map 
9:YxXxU+VxL:(T*M”QEndE) (2.1) 
by 9(F, x, 71) = (rc, n’@‘(x) (K))z). It is clear that 9 is a Cq-fiber bundle map between the 
trivial bundles 9’ x X x U and U x L:(T*M” 8 End E) over U. 
LEMMA 2.2. (i) The map 9 : Y x X x U + 8’ is a Cq-fiber bundle map over V. 
(ii) 9 is transversal to r?18, the zero section of 8. 
(iii) For every (F, x, n) E 9- ‘(OS), the map 
is Fredhobn ofindex 2{(1 - g)m(n - m) + mk - nc} + i + 1, where @(x, rc) = 9(F, x, rc), &* 
is thefiber of 6 at rc and p : T,,, 0) d + TOgZ is the natural projection induced by the embedding 
of d as a subbundle of the trivial bundle Vx L:(T*M” 63 End E). 
Proof: (i) Follows from the considerations above and the fact that d is a subbundle of 
U x L:(T*M” @ End E) and that the image of 9 lies in 8. 
(ii) Fix (F,x,n)~Q-~(fl~). Then x~(xO}xluSix(0)uSix(l) and, for ~FET,Y, 
we have 6,9,,,.,.,(6F) = &F(x)z. Thus, 61.9cF,x,XJ is onto T(,, ,-Jn N cY*. (ii) follows 
directly from the above remarks. 
(iii) Fix (F, x, n) E.Q-~(LO~). We first show that the map p~(~39)~F, x, nJ: T,U -+ T& is 
Fredholm of index 2(( 1 - g)m(n - m) + mk - nc}. Then, (iii) follows from the fact that X is 
a finite dimensional manifold of dimension i + 1. We write F(x) = 8, x(E) = 9, 
7?(E) = 8l with the induced holomorphic structures from a. For &r E T,U, we obtain 
P 4G-% x, n) (W = %W. Thus, P +W)(F, x, n) is nothing but the elliptic operator 
a : R’(Hom(9, R1)) + R”*‘(Hom(9, FL)). 
Hence, P 4&WCr, x, n) is Fredholm of index, according to Riemann-Roth, equal to 
2{(1 - g)m(n - m) + mk - nc}. n 
Now we are ready to apply Corollary A4 of our appendix to obtain the following 
theorem. 
THEOREM 2.3. Let n, k be fixed integers 0 I k < n and g 2 2. Then, there is a positive 
integer d(n, g) such that, for every integer i I d(n, g) - 2, the following holds: Given s and 9’(s) 
as before, then for almost every F E Y(s) and every x ES’ x I the holomorphic structure F(x) is 
stable. 
Proof. Set d(n, g) = 2(n - l)(g - 1). Then, for any c 2 mk/n and 0 < m < n, d(n, g) I 
2((g - l)m(n - m) - mk + nc]. Indeed, 2{(g - l)m(n - m) - mk + nc> = 2((g - 1) 
m(n - m) - mk + nc} = 2(g - l)m(n - m) + 2mn(c/m - k/n) and both summands are 
minimal at m = 1. Let i I d(n, g) - 2. Then, for any c, m as above 2{(1 - g) 
m(n - m) + mk - nc} + i + 1 c 0. 
We now apply Smale’s Corollary A4 to the map 
~:Y(s)xS’xIxU-+~. 
Thus, for F in a residual set in Y(s), all x ES’ x I and all x E U(c, m) we obtain 
&F(x)(n)71 = &F(x) (71) # 0, i.e., z is not a holomorphic subbundle of F(x). Since the set of 
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all possible m, c as before is countable, we obtain that, for almost all F Ed and for all 
x E S1 x I, F(x) is stable. n 
COROLLARY 2.4. Let d(n, g) be as in Theorem 2.3. Then, for every i 5 d(n, g) - 2 the 
inclusion map 
j:&+% 
induces an isomorphism of homotopy groups j* : al(QI,) ‘Y q(Q4). 
Proof Since K#&) = 0 we only need to check that j, is injective. Let s : S’ -+ ‘9iz, be a base 
point preserving map. We may assume, without loss of generality, that the map s is of class 
C’ and let F: S’ x I + 9I be a Cl-homotopy between s and the constant map. According to 
Theorem 2.3 we can find G : S’ x I + !I&, a homotopy between sand the constant map; thus 
s is homotopic to 0 in 21z,. This completes the proof. n 
COROLLARY 2.5. The space 8, is (d(n, g) - 2)-connected. 
The case k = 0 is of particular interest, because &(n, 0) can be identified with the 
representation space of x1(M) into U(n) (cf. [ 121). However, in algebraic geometry it is more 
natural to look at representations into SU(n). Hence, we are forced to introduce the 
subspace MO of 9I consisting of SU(n) metric connections. Let !X,” = 91z, n ‘u’. 
COROLLARY 2.6. The inclusion map j : %f + %I0 induces, for every i < d(n, g) - 2, isomor- 
phisms j, : n,(@) = ni(‘210). 
Proof: Let s : S’ + Uzr,” be a base point preserving map. Let F : S’ x I + 9I be a base point 
preserving homotopy between s and the constant map. In view of Corollary 2.4, we may 
assume that the image of F lies in 9l, and let G : S’ x I + 3,” be equal to F - (1jn)tr F. Then, 
G is a homotopy between s and the constant map. n 
COROLLARY 2.7. The space 9.I: is (d(n, g) - 2)xonnected. 
In order to obtain concrete topological results, we need the exact estimate on d(n, g). 
More precisely in the course of the proof of Theorem 2.3 we have shown the following 
corollary. 
COROLLARY 2.8. With n, k, g as above, d(n, g) = 2(g - l)(n - 1). In particular fir 
(n, g) z (2,2), d(n, g) 2 4. 
3. THE TOPOLOGY OF THE MODULI SPACE 
The transversality results of Section 2 can be used to obtain certain topological informa- 
tion about the moduli space of stable bundles. More specifically, we are going to use 
Corollary 2.5 to compute homotopy and cohomology groups of the moduli space of stable 
bundles, up to dimensions 2(g - l)(n - 1) - 2. Fix n, k, g as in Section 2 and let ‘911, denote 
the set of stable holomorphic structures. The group g” of complex gauge transformations 
acts on 91z, with stabilizer C*, the constant, central isomorphisms. Let gc:= SC/@*. The 
group Bc acts freely on 2& and the quotient d(n, k) := 91z,/gc is naturally a complex, Kahler 
manifold [lo]. 
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Consider the fibration 
which associates to a given bundle E its determined line bundle det(E):= A”(E) in the 
Jacobian of M. Given a fixed line bundle A of degree k, let J(n, A) denote the fiber det - ’ (A) 
of (3.1). The space &(n, A) can be naturally identified with the space of stable bundles of 
fixed determinant A. 
As mentioned above, we are going to compute certain homotopy groups of the spaces 
&(n, k), .M(n, A) based on our transversality results of Section 2 and the results of Atiyah 
and Bott about the topology of the guage group [3, Section 21. More specifically, let g be 
the real gauge group and let fi:= g/U(l) be the quotient of g by its constant, central 
subgroup. Clearly, the groups &$c are homotopy equivalent and thus our moduli space 
&(n, k) is homotopy equivalent o 2li := Eg xg 91z,. As usual, EB + Bg denotes the unique up 
to homotopy equivalence universal bundle over the classifying space Blf of 6. 
Consider the fibrations 
BUU) - 2Q 
k 
- fq 
I/ I I 
BU(l) - Bg - BB 
(3.2) 
Since, according to Corollaries 2.5 and 2.8, ‘%, is (2(8 - l)(n - 1) - 2)-connected, we 
obtain, from the long exact sequences in homotopy associated to (3.2), 
QW N NW 
nr(W) N M%j) 
(i s 2(g - l)(n - 1) - 2). 
Since &(n, k) is homotopically equivalent to !!I!, we obtain, via the long exact sequence 
associated to the fibration BU(l) + Bg + B& that q(Bfi) = nl(Bg) N H1(M, E). Hence, 
n, (A@, k)) ‘v HI 6% z). 
For the higher homotopy groups we proceed ,as follows. Let 
J 
dBU(l)) - MCI) 
I 
ni-lW* ) Iri-lWz,) 
- ni- l(Bu(lN 
- c--~W(l)) 
be the exact sequences in homotopy associated to (3.2). Since for i 5 2(g - l)(n - 1) - 2, 
x@&) = 0 and Vii is homotopy equivalent to d(n, k), we obtain for the same i that 
n#Il~) 1: nl(BQ). Thus, it suffices to study the sequence 
ai(BU(1)) --t Xi(Bg) + ni(BQ) * 0. 
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For i > 2, we clearly obtain the isomorphism ni(Bg) 1 ni(Bg) and thus Xi(M(n, k)) 
N ni(Bg). For i = 2, we need to study the sequence 
%(u(1))1+%(g) --+n~(g)-o. 
As shown in [3, Section 21, RI(g) N K(M) 2: Z 0 Z and the image of the generator of 
rc,(U(l)) N Z under a is represented by the pair of integers (n, k) E Z @ Z. Thus, 
nz(_M(n, k)) 1: Z @ Z/g.c.d.(n, k)Z. All in all we have shown the following. 
THEOREM 3.1. For n, k, g as in the introduction, (n, g) # (2,2), 
(0 x1 Wh k)) = H1 (M, Z), 
(ii) rrz(JZ(n, k)) N Z 0 Z/g.c.d.(n, k)h, 
(iii) For 2 < i I 2(g - l)(n - 1) - 2, ni(JZ(n, k)) = qel(g). 
For the space M(n, A) of stable bundles of fixed determinant A, we can say the following. 
THEOREM 3.2. For n, k, g as in Theorem 3.1, 
(0 ffI(d(n, A)) = 0, 
(ii) q@%‘(n, A)) N E 0 Z/g.c.d.(n, k)Z, 
(iii) For 2 < i I 2(g - l)(n - 1) - 2, ni(M(n, A)) z ai_i(g). 
Proof. Statements (ii) and (iii) are clear, since the base space of the fibrations (3.1) is 
a torus. Statement (i) follows by noticing that, as in the coprime case, the map det induces 
naturally an isomorphism det, : nl (A(n, k)) -+ 7c1 ( f,J. n 
As an immediate consequence, we obtain the following corollary. 
COROLLARY 3.3. Let n, k, g, A be as in Theorem 3.2. Then 
H3(Jz’(n, A), Z),,,, 2: h/g.c.d.(n, k)Z. 
Proof: Since &!(n, A) is simply connected, we have 
H2(&(n, A), Z) 1 n2(,n;t(n, A)) ‘v Z @ Z/g.c.d.(n, k)Z. 
The rest follows from the universal coefficient heorem. n 
We will now discuss briefly the result of Newstead [13]. Let P denote as before the U(n) 
frame bundle corresponding to the vector bundle E over M. Let P denote the pullback of 
P on M x 21S via the first projection. The gauge group g acts on 6, M x 9.11, with the scalars 
acting trivially on the base and as scalars on the fibers of P. Thus the quotient 
F/g + M x ‘+&/g is naturally a PU(n)-fiber bundle. Since 5&/g is homotopy equivalent o 
d(n, k), we obtain a PU(n)-fiber bundle 
PU(n) + P + M x &(n, k). 
Of course, by restricting P to M x .H(n, A) we obtain also 
PU(n) + P + M x &(n, A). 
(3.3a) 
a PU(n)-fiber bundle 
(3.3b) 
A lifting of P to a vector bundle is called a universal or PoincarC bundle. We can now state 
Newstead’s theorem (cf. [ 13, Theorem A]). 
COROLLARY 3.4 (Newstead [13]). Zfg.c.d.(n, k) # 1, then there is no universal bundle on 
M x &(n, k), M x JZ(n, A). 
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Proof: We are only going to prove Corollary 3.4 for A(n, k), the proof for .M(n, A) 
being completely analogous. For the sake of simplicity, set .& = .M(n, k). The proof is 
a direct consequence of z2(J&,rs # 0 as follows. 
Let go denote the based gauge group, i.e., g E go if the restriction of g to P,,, the fiber of 
P over the base point x0, is the identity. Since g is the semidirect product of go and U(n), it 
follows that 
P = P/g = (M x 91us)go = M x So 
where So denotes the space ‘%[, xq, Ego. In view of the fibrations 
&-+‘LI~+Bg, 
and the fact that ni(‘?I,) = 0 for i I 2 (cf. Corollary 2.5), we obtain that 
ni(So) = ni(‘%p) N ni(Bgo). By the universal coefficient theorem, the vanishing of nl(BgO) 
and the fact that H*(Bg,, Z) is torsion free [3, Section 23, we obtain that 
0 = H3(S0, Z),,,, = %(So)tors. Thus 7c2(So) is torsion free and this implies that (3.3a) is not 
associated with a U(n)-bundle as follows: Assume that there is a principal U(n)-bundle 
S over _M such that S x ucnj PU(n) = So. In view of the exact sequence in homotopy 
0 = ~2WW) + 7c2(S) x n2WJbo) + nz(So) 
we obtain that 7r2(S) is torsion free. On the other hand, in view of the exact sequence 
0 = nz(U(n)) + 712(S) + Q(J&) + 7ci(U(n)) 2 z 
induced by (3.3a), we obtain that x2(&) is also torsion free. This of course contradicts our 
Theorem 3.1 and completes the proof of Newstead’s theorem. n 
We would now like to make a few more remarks about fibrations (3.3a) and (3.3b). 
As explained in [3, Section 91, the obstruction of lifting (3.3b) to a U(n)-bundle is the 
Brauer class. It is better understood as an element of the Cech cohomology group 
@(A(% A), %*)tcl,,, where %‘* denotes the sheaf of nowhere vanishing continuous functions 
on d(n, A). By looking at the exponential sequence 
where G?? isthe sheaf of continuous functions on .M(n, A), we can push the Brauer class to an ele- 
ment B of ZZ3(&(n, A), ;2),0,, via the map 0 + ZZ2(&(n, A), U*) + H3(d(n, A), Z). Newstead’s 
theorem is equivalent to the assertion B # 0 in ZZ3(&(n, A), Z),,,, z Z/g.c.d.(n, k)Z. Thus 
we have the following corollary. 
COROLLARY 3.5. Zfg.c.d.(n, k) is prime, (n, g) # (2,2), then the Brauer class ofthe projec- 
tivefibration (3.3b) generates the torsion subgroup of H3(.&(n, A), Z). 
We finish this section by computing the ith Betti number of d(n, k) for 
i I 2(g - l)(n - 1) - 2. In the case n = 2, k = 0 it was computed by Kirwan by using 
intersection homology (cf. [9]). For us the Betti number computation follows from Corol- 
lary 2.5. 
Recall [3, Sections 2 and 93 that the fibrations 
cU,-+Crr$+B$ 
BU(l) + Bg + Bg 
are trivial over the rationals. Since VIZ, is (2( g - 1) (n - 1) - 2)-connected, we clearly obtain 
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from the first fibration, for i I 2(g - l)(n - 1) - 2, 
H’(.M(n, k), as) N Hi@, CD) 1: Hi@& Q). 
From the second fibration we obtain 
H*(Bg, CD) = H*(Bg, cl) 6 H*(BU(l), Q). 
By combining the last isomorphisms with the formulas in [3, Section 21 for 
H*(Bg, Q), H*(BU(l), CD), we obtain for the Poincare polynomials 
n;=,(l + t*“-l)z@ 
P,(A(n’ k)) = (1 _ t2)(1 _ t2n,y;(1 _ t2k)2 
modt2’8-l)(n-1)-1 (3.4) 
Similarly, for the space &(n, A) we obtain the formula 
fl;=,(l + P-‘p 
pt(Ah A)) = (1 _ t2)(1 _ t2n,n:d(l _ t2k)2 
mod t2(8-l)(n-11-l (3.5) 
As mentioned before, in the case n = 2, k = 0 we obtain &wan’s formulas (cf. [9,5]) 
&#(2,0)) z (1 - t2)-’ (1 - t4)-’ (1 + t)2”(1 + t3)2umod t28-3 
P,(J(2, 0,)) z (1 - t2)-‘(1 - t4)-’ (1 + t3)28mod t2g-3. (3.6) 
APPENDIX: SMALE’S VERSION OF THOM TRANSVERSALITY 
In our proof of Theorem 2.3 we used an infinite dimensional version of Thorn transver- 
sality due to Smale. In this appendix we will discuss briefly transversality in the infinite 
dimensional setting. Our basic references are Abraham [l] and Abraham and Robbin [2]. 
We recall that a map F between two Banach manifolds is called Fredholm if its 
differential 6F is a Fredholm, linear map between Banach spaces. In this case the index of F, 
denoted by Ind(F), is the index of 6F at some point of the domain manifold. This is 
a well-defined integer, provided the manifold is connected. 
A subset of a Banach manifold is called a Baire set if it is a countable intersection of 
open, dense sets. The word residual is also common in the literature. The next theorem is 
Smale’s generalization of Sard’s theorem (Cl73 or [2, p. 421). 
THEOREM Al (Smale [ 171). Let X and Y be Cq-manifolds with X Lindeloef and f: X -+ Y 
a Cq-Fredhobn map. Suppose that q > max(Ind( f ), 0). Then the set R, of regular values of 
f is a residual subset of Y. 
We now turn to Thorn transversality. The next theorem is a slight generalization of [2, 
19.11. Since we have not found a reference where the theorem and its corollary are proved in 
sufficient generality, we will briefly discuss their proofs. 
THEOREM A2. Let V, M, N be Cq-Hilbert manifolds, let F : V x M + N be a Cq-map and 
let y EN such that: 
(i) y is a regular value of F; 
(ii) for every (v, x) E F- l(y), the map (6F “), : T, M + T,N is Fredholm, where F” is defined 
by F”(x) = F(v, x); 
(iii) V and M are second countable; 
(iv) q > max(Ind(GF”),, 0). 
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Then, the set 
is residual in V. 
iii (F, y) = {v E V 1 y is a regular oalue of F “) 
Proof. Since y is a regular value of F, W = F- l(y) is a Cq-submanifold of V x M. Let 
K: V x M -+ V be the projection and let n, be the restriction of K to W. Clearly n, is 
a Cq-map. For (u, x) E W, K := ker(&r,&,, = (0) x ker(GF”),; hence it is finite dimensional 
by (ii). Also, the image of (6~ ,,, )(,,,x) in T,V is closed. Moreover, we have the commutative 
diagram of exact sequences 
0 0 0 
I I I 


















The maps i, j, 1 are the obvious inclusions and I, B the projections onto the factor spaces 
A := T,N/Im(GF”), and I: := T,V/Im@n,)~,,.,, respectively. By (ii), A is finite dimensional. It 
is shown in the next lemma that the same is true for X. Hence rr, is Fredholm and therefore, 
by Smale’s Theorem Al, the set 
V, = (0 f VI Y is a regular value of z,> 
is residual in V. By applying Lemma A3 again we identify 
Vo = ifi 
completing our proof. 
LEMMA A3. Considering the following commutative diagram of exact sequences of Hilbert 
spaces: 
o- MI - M2 - 0 
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Assume that Imf; Im g are closed, K := KJImf, N := M,/Im g and the maps in the exact 
sequences are either induced by fl g, or they are the oboious inclusion of a subspace or the 
natural projection onto a factor space. Assume also that K isfinite dimensional. Then, there is 
a linear (and topological) isomorphism between K and N. In particular, N is also $nite 
dimensional. 
Proof: The proof is a standard diagram chasing. Starting with k E K, let k3 E K3 in the 
preimage of k. Let l3 E L3 be its image in L3 and let l2 E L2 be in the preimage of 1,. Take its 
image m2 in M2 and let m, be in the preimage of m2. Finally set n to be the image of ml in N. 
One can check that the map g: K + N defined by g(k) = n is independent of the choices 
made and thus well defined. One can also construct an inverse map by chasing the opposite 
way, and this completes the proof. n 
We now come to the bundle version of the transversality Theorem A2 used in The- 
orem 2.3. 
THEOREM A4 Let X, M, N, V, 8 be C4-Hilbert manifolds. Assume 8 + X is a Cq-Hilbert 
vector subbundle of the trivial vector bundle N x X and let F: V x M x X + d be a Cq-fiber 
bundle map over X. Let 0, denote the zero section of 8’. Assume: 
(i) F is transversal to Log: 
(ii) for every (v, m, x) E F- ’ (O,J, the map p o (SF “)fm,x) : T, M x T,X + T,S, is Fredholm, 
where F’(m, x) = F(v, m, x) and p: TF(V,m,x) 8 + TOgx is the natural projection induced 
from N x X + N. 
(iii) V, M and X are second countable; 
(iv) q > max(Indp 0 (6F”),,,.,, 0). 
Then, the set 
iti (F, 08) = (v E VI F” is transversal to (!I&] 
is residual in V. 
Proof. Since X has a countable basis, it is enough to assume that d is the trivial bundle. 
Set I = N x X. Thus, the map F defines a Cq-mapj: V x M x X + N satisfying the proper- 
ties: 
(i) 0 is a regular value off; 
(ii) for every (v, m, x) Ef-‘(O), the map (df ")tm,xj is Fredholm, where we set as usual 
f “(m, x) = f (v, m, x); 
(iii) V, M x X are second countable; 
(iv) q > max W@f “h,,, x)9 0). 
Thus, by applying Theorem A2 forf, we obtain that the set 
V0 = {v E V 10 is a regular value off”} 
is residual in V. Since Vo = 5 (F, f18), the proof is complete. 
REFERENCES 
1. R. ABRAHAM: Lectures of Smale on differential topology. 
2. R. ABRAHAM and J. ROBBIN: Transversal mappings and_flows, W.A. Benjamin, New York (1967). 
MODULI SPACE OF STABLE BUNDLES 215 
3. M. F. ATIYAH and R. BOTT: The Yang-Mills equations on Riemann surfaces, Phil. Trans. R. Sot. Land. A308 
(1982), 523-615. 
4. S. BRADLOW and G. DASKALOPOULOS: Moduli of stable pairs of holomorphic bundles over Riemann surfaces 
II, Inter. J. of Math. 4 (1993), 903-925. 
5. G. D. DASKALOPOULOS: The topology of the space of stable bundles on a compact Riemann surface, J. 
Differential Geometry 36 (1992), 699-746. 
6. G. D. DASKALOPOULOS and R. WENTWORTH: Geometric quantization for the moduli space of vector bundles 
with parabolic structure, unpublished manuscript (1992). 
7. G. HARDER and M. S. NARASIMHAN: On the cohomology groups of moduli spaces of vector bundles on curves, 
Math. Ann. 212 (1975), 215-248. 
8. N. HITCHIN: The self duality equations on a Riemann surface, Proc. Land. Math. Sot. 55 (1982), 59-126. 
9. F. C. KIRWAN: On the cohomology of compactifications of moduli spaces of vector bundles over a Riemann 
surface, Proc. Land. Math. Sot. (3) 55 (1986), 237-266; Corrigendum, Proc. Land. Math. Sot. (3) 65 (1992), 274. 
10. S. KOBAYASHI: Differential geometry ofcomplex uector bundles, Princeton Univ. Press, Princeton, NJ (1987). 
11. M. S. NARASIMHAN and R. RAMANAN: Moduli of vector bundles on a compact Riemann surface, Ann. Math. 89 
(1969), 14-51. 
12. M. S. NARASIMHAN and S. SHESHADRI: Stable unitary vector bundles on a compact Riemann surface, Ann. 
Math. 82 (1965), 540-567. 
13. P. E. NEWSTEAD: A nonexistence theorem for families of stable bundles, J. Lond. Math. Sot. (2) 6 (1973), 
259-266. 
14. R. S. PALAIS: Foundations of global non-linear analysis, Benjamin, New York (1968). 
15. J. PORITZ: Parabolic vector bundles and Hermitian-Yang-Mills connections over a Riemann surface, preprint 
(1992). 
16. C. S. SESHADRI: Space of unitary vector bundles on a compact Riemann surface, Ann. Math. 85 (1967), 
303-336. 







The University of Texas at Austin 
RLM 8.100 
Austin 
TX 78712-1082 
U.S.A. 
